Invariant Off-Diagonality: SICs as Equicoherent Quantum States by Stacey, Blake C.
Invariant Off-Diagonality: SICs as Equicoherent Quantum States
Blake C. Stacey1
1QBism Research Group, Physics Department
University of Massachusetts Boston
(Dated: June 14, 2019)
Coherence, treated as a resource in quantum information theory, is a basis-
dependent quantity. Looking for states that have constant coherence under canonical
changes of basis yields highly symmetric structures in state space. For the case of
a qubit, we find an easy construction of qubit SICs (Symmetric Informationally
Complete POVMs). SICs in dimension 3 and 8 are also shown to be equicoherent.
In practice it may be helpful to think of a given set of quantum states as representing
laboratory procedures that are easy to do. If the vectors comprising one orthonormal basis
represent preparations that are convenient or inexpensive, then it is reasonable to say that
density matrices that are strongly off-diagonal in that basis correspond to preparations that
are more costly. We might then ask, for example, what tasks become practical if we can
carry out one costly preparation and an arbitrarily large number of cheap transformations [1].
Having put ourselves in the mindset of viewing off-diagonality as a resource, we encounter
a natural generalization: What if we have a choice of inexpensive bases? For example, we
might be dealing with transmission errors that stochastically flip which basis is cheap [2]. Are
there preparation procedures that are equally costly with respect to any one of a canonical
discrete set of bases?
To make the question concrete, take the case of a single qubit. A quantum state that
can be ascribed to a qubit-sized system is a 2× 2 positive semidefinite matrix of unit trace,
which we can neatly express as a sum over Pauli operators:
ρ = 12(I + xσx + yσy + zσz) =
1
2
(
1 + z x− iy
x+ iy 1− z
)
. (1)
Here, (x, y, z) are the coordinates of the state ρ in the Bloch sphere representation. A handy
measure of how off-diagonal the state ρ is in the eigenbasis of the Pauli operator σz is the
sum of the squared magnitudes of the off-diagonal entries, which is
1
4 |x− iy|
2 + 14 |x+ iy|
2 = 12(x
2 + y2). (2)
What states are equally off-diagonal by this measure in the eigenbases of σx, σy and σz?
The coordinates of such a state must satisfy
x2 + y2 = x2 + z2 = y2 + z2. (3)
Let us confine our attention to pure states, which lie on the surface of the Bloch ball:
x2 + y2 + z2 = 1. (4)
Combining these constraints, we find that
x2 = y2 = z2 = 13 , (5)
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2meaning that the states we seek are the vertices of a cube inscribed in the Bloch sphere:
x, y, z ∈
{
± 1√
3
}
. (6)
This set of eight states naturally breaks down into two sets of four, which are orbits under
the action of the Pauli group. Each set of four states forms a tetrahedron inscribed in the
Bloch sphere, with the vertices of one tetrahedron antipodal to those of the other. One
tetrahedron comprises the sign choices of even parity, and the other the sign choices of odd
parity. We conclude that the set of qubit pure states that are equicoherent in all three Pauli
bases are the qubit SIC states.
A SIC, we recall, is a set of d2 unit vectors {|pij〉} in Cd that enjoy the symmetry property
|〈pij|pik〉|2 = dδjk + 1
d+ 1 . (7)
The acronym stands for Symmetric Informationally Complete, referring to the measure-
ment that is formed by scaling each of the projectors |pij〉〈pij| by 1/d. For the history and
significance of these entities, we refer to the literature [3–12].
Note that if we had used the “l1-norm of coherence” [13] instead, we would have found
the constraint √
x2 + y2 =
√
x2 + z2 =
√
y2 + z2, (8)
to ultimately the same effect.
In any finite dimension, pure quantum states satisfy
trρ = trρ2 = trρ3 = 1. (9)
Since the trace of ρ2 = ρ†ρ is the sum of the squared magnitues of all the elements of ρ, we
can relate the above measure of off-diagonality to the diagonal entries:∑
i 6=j
|ρij|2 = 1−
∑
i
|〈i|ρ|i〉|2. (10)
The numbers {〈i|ρ|i〉} are, of course, the probabilities ascribed to the outcomes of a mea-
surement in the orthonormal basis {|i〉}.
Suppose that the dimension d is a power of a prime, so that a complete set of d + 1
Mutually Unbiased Bases (MUB) is known to exist. Let |m, j〉 be the states comprising
these MUB, with m labeling the basis and j the vector within that basis. Given a state ρ,
we apply the Born rule to compute the probabilities
pm,j = 〈m, j|ρ|m, j〉. (11)
From the fact that a complete set of MUB states forms a 2-design, it follows that∑
m,j
p2m,j = 2. (12)
A minimum uncertainty state [14] distributes this sum equally over all the d+ 1 bases:
∑
j
p2m,j =
2
d+ 1 ∀ m. (13)
3We see that any minimum uncertainty state will be equally off-diagonal in all d + 1 of the
MUB. This generalizes the result we found above, since the states of SICs that are generated
as orbits of the Weyl–Heisenberg group are minimum uncertainty states [14].
The term “coherence” is rather drastically overloaded, having different meanings in multi-
ple fields, with SICs being important for many of them. They are significant for “coherence”
in the Dutch-book and frame-theoretic senses of the word [15–17], and now we see that they
are so in the “quantum coherence as a resource” sense as well.
The literature is replete with alternative ways of quantifying the off-diagonality of quan-
tum states. (My impression is that some definitions lead to measures that might have more
physical relevance, while others are easier to calculate, and sometimes the practical thing
to do is try and use the latter to get a bound on the former.) Another such measure has
an information-theoretic flavor and is known as the relative entropy of coherence. First, we
define a “dephasing” operator that Procrusteanizes a density operator into a basis:
∆(ρ) =
∑
i
(〈i|ρ|i〉)|i〉〈i|. (14)
The relative entropy of coherence for a state ρ is the change in von Neumann entropy between
its original and dephased forms:
Cr(ρ) = S(∆(ρ))− S(ρ). (15)
We focus our attention on pure states, for which the latter term vanishes and the relative
entropy of coherence reduces to a simple Shannon functional of the probabilities {〈i|ρ|i〉}.
A MUB-balanced state is one for which the Born-rule probabilities for the measurements
corresponding to different bases are the same up to permutations [18, 19]. For any bases m
and m′,
pm,j = pm′,j′ (16)
for some index j′. The Shannon functional is indifferent to permutations of probability
vectors, and so MUB-balanced states are equicoherent across the MUB with respect to the
relative entropy of coherence. Wootters and Sussman demonstrated that MUB-balanced
states are minimum uncertainty states [18], implying that they are also equicoherent with
respect to the sum-of-squared-magnitudes definition of coherence. We can see this from
Eq. (10), since the sum over squared probabilities does not depend upon their ordering.
In particular, the nine states of the Hesse SIC in d = 3 are all MUB-balanced. For each
state in the Hesse SIC and each basis m, pm,j is some permutation of the tuple (0, 12 ,
1
2).
The combinatorics and finite geometry that make this pattern possible also yield a Kochen–
Specker proof for qutrits [20–22] and are relevant for identifying the Hesse SIC states as
maximally magic resources for quantum computation [23].
The Hoggar-type SICs in dimension 8 are sets of 64 states constructed as orbits of the
three-qubit Pauli group [24–26]. A convenient starting point is the vector
|pi0〉 ∝ (−1 + 2i, 1, 1, 1, 1, 1, 1, 1)T. (17)
Taking the orbit of this state under the three-qubit Pauli group yields a set of 64 equiangular
complex lines. Other choices of initial vector are possible, but all the SICs found as orbits
of the three-qubit Pauli group are equivalent up to unitary or antiunitary conjugations. We
designate all SICs constructed in this way as Hoggar-type SICs, of which the one generated
from |pi0〉 is the prototype on which we will focus our attention.
4Written in terms of rank-1 projectors, Hoggar SIC states satisfy
trΠjΠk =
1
9 (18)
whenever j 6= k. Like the qubit and Hesse SIC states, these have been identified as resources
for quantum computation [27]. Without explicit calculation, we can already see that these
states will display degeneracies among their coherences. The relative entropy of coherence
for the state Π0 is the von Neumann entropy of the “dephased” state
∆(Π0) =
8∑
i=0
(〈i|Π0|i〉)|i〉〈i|. (19)
But if we use a canonical set of MUB, each of the vectors {|i〉} is defined as a simultaneous
eigenstate of multiple three-qubit Pauli operators [28, 29]. Therefore, if U is a three-qubit
Pauli unitary of which {|i〉} are eigenvectors,
∆(Π0) =
8∑
i=0
(
〈i|U †Π0U |i〉
)
|i〉〈i| = ∆(U †Π0U). (20)
Because U is an element in the same group whose action generates the SIC,
∆(Π0) = ∆(Πj) (21)
for some value of j. So, for each choice from the d+ 1 = 9 MUB, seven other SIC states will
“dephase” to the same mixed state as Π0 does.
The group covariance of the SIC set implies that for any Πj,
∆(Πj) = ∆(DjΠ0D†j) (22)
for some three-qubit Pauli operator Dj. The set of all unitaries that map a Hoggar-type
SIC to itself is a subset of the three-qubit Clifford group. Moreover, the three-qubit Clifford
group maps the MUB states to each other. The von Neumann entropy of the “dephased”
state S(∆(ρ)) depends only upon the values {〈i|ρ|i〉}. If we fix |i′〉 = D†j |i〉, then
〈i|Π0|i〉 = 〈i′|Πj|i′〉. (23)
The relative entropy of coherence for Π0 with respect to the basis {|i〉} is thus equal to that
for Πj with respect to the basis {|i′〉}.
We might plausibly guess that any state in a Hoggar-type SIC will turn out to be equico-
herent across all nine MUB as well, thanks to the large size of its stabilizer group [30–32].
That is, there are 6,048 different Clifford unitaries which map the set {Πj} to itself and sat-
isfy UΠ0U † = Π0. Moreover, the symmetry group of a Hoggar-type SIC is doubly transitive,
able to map any pair of elements into any other. Let U be a Clifford unitary in the stabilizer
of Π0, so that UΠ0U † = Π0 and UΠjU † = Πk. Because Πj = DjΠ0D†j for some three-qubit
Pauli operator Dj, then
UDjΠ0D†jU † = DkΠ0D
†
k. (24)
But we can conjugate our state Π0 by the stabilizer unitary U and regroup:
(UDjU †)Π0(UD†jU †) = DkΠ0D
†
k. (25)
5The only way it seems that this can work out is if Dk, which is both unitary and Hermitian,
is the same operator as that gotten by conjugating Dj with U . From the double transitivity
of the Hoggar symmetry group, it follows that there must be a unitary in the stabilizer of Π0
that can turn any Πj into any desired Πk. This in turn appears to require that the stabilizer
of Π0 is transitive on the Pauli operators {Dj}.
The states of the Hoggar SIC are not MUB-balanced, but they are minimum-uncertainty.
By directly checking the overlaps with the Wootters–Fields MUB states [33], we find that
the probability distribution ~pm is, for each basis, a permutation either of the vector( 5
12 ,
1
12 ,
1
12 ,
1
12 ,
1
12 ,
1
12 ,
1
12 ,
1
12
)
(26)
or of the vector (1
3 ,
1
6 ,
1
6 ,
1
6 ,
1
6 , 0, 0, 0
)
. (27)
These two vectors have the same 2-norm, and so
∑
j
p2m,j =
2
9 (28)
for all 9 choices of m. In fact, for each of the 64 Hoggar states, 2 of the bases yield the first
vector, and the other 7 bases yield the second. This establishes equicoherence with respect
to the definition (10). It also establishes equicoherence with respect to an information-
theoretic measure like Eq. (15), if the entropy functional is the Rényi 2-entropy rather than
the Shannon formula [34].
This example presents an intriguing generalization of the MUB-balanced state concept:
“almost MUB-balanced” quantum states, where there are (up to permutations) two distinct
probability vectors, both representing “equal uncertainty”.
It also follows from the group covariance of a Hoggar-type SIC that
〈pij|Dk|pij〉 = ±13 , (29)
where Dk is any three-qubit Pauli operator. Using these operators as a Hermitian basis, we
can write any Πj as a linear combination of them, and the magnitudes of the coefficients
in the expansion will be the same for all j. A generalization of the equicoherence property
from which we derived the qubit SIC states follows naturally.
From one perspective, coherent superpositions are not the deepest of the quantum me-
chanical mysteries. It is possible to construct them in theories that have underlying local
hidden variables and that offer no hope of computational speed-up. The idea in old books
that interference effects are quintessentially nonclassical is, in a modern analysis, a failure
of imagination [35–37]. Useful as coherence may be for some protocols, it does not appear
to be the most potent resource within the scope of quantum theory. Equicoherence, on the
other hand, takes us out of that intermediate, semiclassical regime.
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